Abstract. The existence and uniqueness of a solution of the Cauchy problem for wave equations containing a term expressed via the integral with respect to a stochastic measure are proved. Some general properties of generalized functions assuming values in a Fréchet space are used in the proof of the uniqueness of a solution.
Introduction
Stochastic wave equations describe the physical process of propagation of waves under some random influences. The random influences in various mathematical models are usually described in terms of stochastic integrals where the integrators are supposed to satisfy certain conditions of regularity or to possess some moments, for example, the stochastic term expressed via an integral with respect to a Wiener process in [1] or with respect to a martingale measure in [2, 3] . In the paper [4] , the stochastic term is determined by a process with Hölder trajectories. In the current paper, the stochastic influence is described by an integral with respect to a stochastic measure being σ-additive in probability.
Mild solutions of the Cauchy problem for a wave equation involving stochastic measures are considered in [5] . A solution of such an equation is defined in the case of d spatial variables as a process V t , t > 0, such that, for each t > 0 fixed, the function V t is a generalized random function defined in the space D(R d ) of test functions in C ∞ (R d ) that has a compact support and satisfies, in a certain sense, the corresponding equation and initial condition. In the current paper, a solution of the wave equation for the case of d spatial variables is understood as a generalized random function defined in D(R d+1 ). This allows us to prove the existence and uniqueness of a solution under assumptions similar to those used in [6] where the existence and uniqueness of a generalized solution for usual wave equations are obtained.
Some applications of wave equations with stochastic measures are given in [5] (also see the references therein). Mild solutions of the Cauchy problem for the wave equation with a stochastic measure are studied in [7] for the case of a single spatial variable.
Preliminary results
Let (Ω, F, P) be a complete probability space and let L 0 be a family of all classes of P-equivalent random variables in (Ω, F, P). The convergence in L 0 is understood in the sense of the convergence in probability. 
Definition 2.1 ([5]). Any linear continuous mapping
The family of all generalized random functions is denoted by D r (R d+1 ). Let B = B(R d+1 ) be the σ-algebra of Borel sets in the space R d+1 .
Definition 2.2 ([5]
). Any σ-additive mapping μ : B → L 0 is called a stochastic measure.
The integrals A f dμ are defined and studied in the paper [8] for the case where A ∈ B and f is a measurable real valued function. In particular, an analogue of the Lebesgue dominated convergence theorem is proved in [8] (see Corollary 1.2 in [8] ; also see Proposition 7.1.1 in [9] ) and a result on the differentiability of the integral with respect to a parameter is obtained in [5] . Every stochastic measure μ determines a generalized random functionμ according to the rule
Note that the derivative of a stochastic process η : (a; b) → L 0 is defined for the convergence in probability and that an arbitrary bounded measurable function is integrable with respect to every stochastic measure.
Existence of a solution of the Cauchy problem
Consider the Cauchy problem for the wave equation that can be written as follows:
is an unknown function. Here a > 0, μ is a stochastic measure in B(R d+1 ) vanishing at all measurable subsets of K := {(x, t) ∈ R d+1 : t < 0}, and where ς and ν are stochastic measures in B(R d ). Now we give the rigorous definition of a solution.
is called a solution of the Cauchy problem (3.1) if V = 0 for t < 0 and if
A solution of the Cauchy problem (3.1) in the case of d = 1 is constructed according to the d'Alembert formula [6, §13.4] as explained below. For ϕ ∈ D(R 2 ), put
ϕ(y, s) dy;
Theorem 3.1. A solution of the Cauchy problem (3.1) for d = 1 is a generalized random function such that
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If ϕ is fixed, the latter equality implies that the function r 1 is bounded and continuous with respect to the variables x and t belonging to the set R × [0; ∞). Therefore r 1 is an integrable function with respect to the stochastic measure μ.
∂y 2 dy, where δ and E 1 denote the Dirack δ function and the fundamental solution of the wave operator for d = 1, respectively (see [6] ). Hence
whence we conclude that the generalized random function
, is a solution of the Cauchy problem
Using equalities (3.3) for t = 0 and inclusions ∂ϕ ∂t ∈ D(R 2 ), we check similarly to (3.4) that the generalized random functions R r 3 (x, ϕ) dν, ϕ ∈ D(R 2 ), and R r 2 (x, ϕ) dς, ϕ ∈ D(R 2 ), are solutions of the Cauchy problems
and
respectively. It remains to note that the sum of solutions of problems (3.4), (3.5), and (3.6) is a solution of the Cauchy problem 1) . In what follows we use the notation introduced in [6] . Namely, let U (x, r) :
Theorem 3.2. If d = 2, then a solution of the Cauchy problem (3.1) is a generalized random function such that
A solution of the Cauchy problem (3.1) for d = 3 can be constructed with the help of the Kirchhoff formula [6, §13.4] as follows. Let S(x, r) := {x ∈ R 3 : |x| = r}. For ϕ ∈ D(R 4 ), put
Theorem 3.3. A solution of the Cauchy problem (3.1) for d = 3 is a generalized random function such that
The proofs of Theorems 3.2 and 3.3 follow the lines of the proof of Theorem 3.1. Thus we omit those proofs.
Generalized functions in Fréchet spaces
Below we define and study generalized functions assuming values in a Fréchet space. In what follows we use their properties to prove the uniqueness of a solution of the Cauchy problem (3.1).
We adapt the terminology and definition of [10, Section I.9] . A linear space X equipped with a quasinorm · is called a Fréchet space if X is complete with respect to the metric ρ(x, y) = x − y , x, y ∈ X. In particular, the space L 0 with the quasinorm defined above is a Fréchet space. The convergence with respect to the quasinorm in this space is equivalent to the convergence in probability [8, §0.2] .
Let X be a Fréchet space equipped with a quasinorm · . Denote the zero element in X by0.
Definition 4.1. Any linear continuous mapping
, and F, ϕ , (f, ϕ) denote the space of all X-generalized functions, standard space of generalized functions [6, §5.3] , and actions of the function 
Here {η k } is an arbitrary sequence of functions belonging to D(R 2d ) and converging to 1 in R 2d in the sense explained in [6, §7.4] .
Similarly to the case of usual generalized functions, we say that F * g exists if the above limit exists for every ϕ ∈ D(R d ) and does not depend on a sequence
is checked by using the same method as in the case of usual generalized functions.
We use the following well-known properties of linearity and differentiability for the convolution to prove the main results below. 1) Linearity. If the convolutions F 1 * g, F 2 * g, F * g 1 , and F * g 2 exist, then the convolutions
2) Differentiability. If the convolution F * g exists, then the convolutions
The proof of the property of linearity of the convolution is trivial. The general case of the property of differentiability follows from its particular case for first derivatives 
Thus the convolution D j F * g exists and the equality The proof of Theorem 4.1 is the same as that in the case of usual generalized functions; see [6, §11.3] . In doing so, one should use the equality
2) supp h belongs to the set
Then the convolution F * h exists; moreover F * h =0 for t < 0.
To prove Theorem 4.2 we use the same reasoning as in the case of usual generalized functions; see [6, §12.2] .
5.
Uniqueness of a solution of the Cauchy problem for a wave equation 
